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Sensor Placement Methodologies for Dynamic Testing

Michael Papadopoulos* and Ephrahim Garcia1"
Vanderbilt University, Nashville, Tennessee 37235

Two methods are presented for structural sensor placement. The first scheme selects the most linearly indepen-
dent impulse responses at all candidate sensor locations from a Gram-Schmidt orthogonalization procedure. The
second scheme is based on a principal component analysis and iteratively removes sensors that do not contribute
significant information to the Fisher information matrix. Furthermore, use of a model reduction criterion is pro-
posed to address the optimality issue. Several sensor placement methods were implemented to compare results
and were applied to an Euler-Bernoulli beam and a cantilevered frame structure. It is shown that the proposed
frequency criterion appears to be a selective criterion for choosing optimum sensor locations. Finally, the opti-
mum measurement locations from several of the methods studied yield acceptable results based on data from an
experimental study on the frame structure.

Introduction

IT is often required to select a predefined number of sensor loca-
tions for system identification. These locations should be such

that they can recover the target frequencies of interest and faithfully
represent the structural mode shapes. In addition, such an analysis
proves useful when, for example, performing health monitoring or
control. It is desirable to be able to fully instrument a structure. This
is so because there will be enough sensors to spatially separate indi-
vidual modes. However, high costs of data acquisition systems, i.e.,
accelerometers and supporting instrumentation, etc., and accessibil-
ity limitations often constrain the number of sensors. Furthermore,
although grounded structures are often simpler to test, it is becoming
increasingly important to test structures under operating conditions.
Orbiting structures, for example, are not easily amenable to removal
and placement of sensors. Finally, even if sufficient instrumentation
were possible, it is likely that sensor redundancy would exist. Al-
though this offers advantages, it is of interest to seek as small as
possible number of sensors that contain as much information as
possible about the target modes.

The sensor placement problem can be approached from several
points of view. Several authors have considered an optimum se-
lection from control principles.1"4 Others have taken a structural
dynamic viewpoint from which recovery of modal parameters are
of interest.5"8 Still other approaches can be found in Refs. 9 and 10.
A relatively new approach was proposed by Avitabile et al.11 First,
a small modal survey of the structure is conducted. Then, a singu-
lar value decomposition is performed on the measured frequency
response functions (FRFs) to determine the required number of ref-
erence measurements. This is a good approach for two reasons.
First, there is no need for an analytical model, which is likely to
be in error. Second, actual measurement data are used to determine
the optimum measurement locations. A drawback is that it does
require a preliminary modal test, which, for example, is not neces-
sarily feasible for orbiting structures. Methods based exclusively on
analytical models will now be discussed.

The simplest sensor placement method is to visually inspect the
mode shapes of interest and select points with high amplitude.
This is the visual inspection (VI) method, and although efficient,
it is practical only for simple structures. More quantitative methods
along these lines can be found in Refs. 12 and 13, which introduce
the concept of modal windows. Another effective visual inspection
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technique is the modal kinetic energy (MKE).14"16 An MKE plot
for each target mode is generated for every candidate sensor loca-
tion. The location with the largest energy over all target modes is
selected. The principle behind this is that locations with high MKE
serve as good sensors due to the large motion. One drawback of
the MKE method is that it is highly dependent on the finite element
mesh size. That is, it picks locations in coarser mesh regions where
the mass is larger. A similar computation to the MKE is the driving
point residue (DPR).15'16 The DPR is a measure of a particular de-
gree of freedom (DOF) location at exciting a particular mode. The
points with a large DPR value are selected.

Automated procedures, however, are more attractive inasmuch as
there is less user input. The average modal kinetic energy (AMKE)
method15 •16 simply computes the average kinetic energy (AKE) over
all target modes. The desired number of sensors is then selected from
the larger AKE values. One advantage of this method is that it smears
the effect of nodal points that have zero motion. An alternative to
avoid selecting nodal points is the eigenvector component product
(ECP).15 This method computes the product of the finite element
(FE) target mode shapes at the candidate sensor DOFs. All locations
that have large product values are taken as the optimum sensors. An
average driving point residue (ADPR)16 can also be calculated. And
like AMKE, it is an average of the DPR across the rows. The larger
ADPR values serve as the sensor locations. Chung and Moore16 also
use weighted versions of AMKE (WAMKE) and ADPR (WADPR)
to discriminate against DOFs with zero motion.

These schemes all rely on an analytical model. Pape's17 Cheby-
shev interpolation (CI) technique, like that in Ref. 11, avoids this
requirement. It chooses the locations as the roots of Chebyshev poly-
nomials. The basis for this is that the maximum error in interpolating
a set of target mode shapes is minimal when the sample points are
the zeros of the Chebyshev polynomials. The only difficulty with CI
is that it is generally applicable to simple one- or two-dimensional
structures. The VI, MKE, AMKE, WAMKE, ECP, DPR, ADPR,
WADPR, and CI methods are noniterative techniques. That is, an
optimum sensor set is found immediately after computing the ap-
propriate values.

Several recently developed iterative techniques will now be dis-
cussed. Kammer's effective independence (EFI) method14 ranks
sensor locations to their independence of the target modal matrix.
The idea is to eliminate DOFs that do not contribute to the indepen-
dence of the target mode shapes. An alternative formulation is that
due to Tasker and Liu.18 They suggest a variance-based EFI (VEFI)
method, where DOFs are eliminated that have a small variance in the
parameter estimates. Another related scheme is to mass weight the
modal matrix before computing the effective independence value.19

Several weaknesses of EFI, as noted by Poston,20 are as follows: 1)
it does not take into account the geometry of the structure and, thus,
yields sensor locations that contribute redundant information, 2)
there is no consideration of time information, 3) there is no indication
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as to the number of sensors that can be removed at each iteration, and
4) there is no indication as to the final number of sensors that should
be retained in the final sensor set.

Park and Kim,21 however, not only derive a method that makes
the target modal matrix as independent as possible but also present
a guide for the allowable number of deleted DOFs at each iteration.
The method relies on computing a singular value decomposition
(S VD) of the target modal matrix and evaluates the Fisher informa-
tion matrix (FIM). Then, DOFs are eliminated that have no effect
on the determinant of the FIM. Penny et al.22>23 take a model reduc-
tion viewpoint, which is related to that presented by Henshell and
Ong24 and Shah and Raymund.25 A ratio of the diagonal elements
of the stiffness matrix to the diagonal elements of the mass matrix is
computed. The DOF with the largest ratio value is then eliminated.
The system is then Guyan26 reduced, and the process repeated. The
Guyan reduction (GR) approach maintains accuracy of the lower
system modes, which do not necessarily have to represent the set of
target modes. In this regard, this is a limitation on the method. An
alternate approach in performing GR at each iteration is the use of
less approximate reduction methods, such as the improved reduced
system (IRS)27 or successive approximate reduction (SAR).28

In keeping with retaining DOFs that contain as much modal infor-
mation as possible, Flanigan and Botos29 suggest using static flexi-
bility shapes evaluated at the candidate DOF. The optimal DOFs are
then iteratively identified for which a linear combination of flexibil-
ity shapes matches as closely as possible to the set of target mode
shapes. This approach is here designated as the static flexibility (SF)
method and was applied to the space station combined cargo element
in Ref. 30. Lim,31 however, selects sensors that minimize the condi-
tion number of the Hankel matrix of impulse responses. This method
will be called the modal parameter identification (MPI) method be-
cause the Hankel matrix is used in modal parameter identification
algorithms, such as the eigensystem realization algorithm (ERA).32

One method is proposed in this paper to address the sensor redun-
dancy issue in the EFI method. It computes the impulse response
at all candidate DOFs, and then ranks the sensor locations accord-
ing to the independence of the measurements. That is, a matrix
of impulse responses is formed and the Gram-Schmidt (G-S) or-
thogonalization procedure is used to rank the sensors based on the
measurement magnitude after each orthogonalization. In this man-
ner, only the sensors locations that produce the most independent
measurements are used. Unlike the previous methods, which make
the target modal matrix as independent as possible, this G-S method
makes the measurement matrix as independent as possible. Conse-
quently, the larger measurement magnitude DOFs will produce a
well-conditioned Hankel matrix in ERA. A variant of this approach
is to compute the least correlated sensor DOF at each iteration in-
stead of performing an orthogonalization. An alternate method is
based on a principal component analysis.33 In this method, an eigen-
analysis on the transpose of the FIM is computed. The smallest com-
ponent DOF (in absolute value) from the eigenvector associated with
the smallest eigenvalue is eliminated. The process is repeated until
the desired number of sensors remain. The advantage of this method
is that the DOF with the largest information in the FIM is retained
in the next iteration.

The different sensor placement methods have just been discussed.
But there still lacks a criterion to judge the quality of the chosen
measurement locations. This ultimately leads to the issue on whether
there truly exists an optimal sensor set. That is, with the multitude
of sensor placement schemes comes a multitude of sensor locations,
which all claim optimality or suboptimality in one way or another.
Although all of the discussed methods typically yield acceptable
locations, they do not necessarily yield the optimum set. Penny et
al.23 discuss and assess five criteria, the modal assurance criterion,
the modified modal assurance criterion, the SVD ratio, the measured
energy per mode, and the determinant of the FIM, and attempt to ad-
dress the quality of the chosen measurement locations. They suggest
the SVD ratio as the best criterion among the examples considered.23

This paper proposes that the optimum sensor set is one that maxi-
mizes the lowest eigenvalue of the system comprising the deleted
DOFs. This is the criterion24 that must be satisfied if the reduced
mass and stiffness matrices are to faithfully maintain the accuracy
of the lower system modes in a model reduction. This is expected

to be a quality criterion provided the lower modes are indeed the
target modes.

Each of the sensor placement methods were implemented on an
Euler-Bernoulli beam model, a plate model of a wing structure,
and a cantilevered frame structure. Furthermore, experimental data
available on the frame structure are used to validate the selected sen-
sor locations for several of the methods. Each of the sensor place-
ment methods is now briefly discussed, along with the SVD ratio and
the proposed model reduction criterion for quantifying the optimum
sensor set.

Problem Formulation
Sensor Placement Methods
MKEU~16

Given a target modal matrix Otm of size n x m, where n is the
total number of FE DOFs and m is the number of target modes, the
MKE is given as

where <8> denotes element by element multiplication. The candidate
DOFs with consistently large kinetic energy values over all of the
target modes (columns in MKE) are taken to be the optimum sensor
set. The idea here is the DOF with the largest kinetic energy will
ultimately have the greatest response from which the best possible
chance at modal parameter identification is produced.

AMKE
The AMKE14"16 is simply the average taken across the rows of

MKE in Eq. (1), i.e.,

1 ™
AMKE/= -£ MKE/;, i = ! , . . . , « (2)

m 7 = 1
where i is ith candidate DOF The optimum sensors are the ones with
the largest AMKE values over the candidate DOF. This approach
is more automatic and takes into account any zero motion DOF.

WAMKE
The WAMKE16 value is computed from the following:

WAMKE = MKEmin <S> AMKE (3)

where MKEmin is the minimum in absolute value across the rows in
MKE in Eq. (1). The optimum sensors are the ones with the largest
WAMKE values over the candidate DOF.

DPR
The DPR16 is computed from

DPR = <Dtr (4)

where £2tm is the m x m diagonal matrix of target frequencies. The
optimum sensors are the ones with consistently large DPR values
across the rows for the candidate DOF.

ADPR
The ADPR16 is similarly computed as in AMKE from

ADPR/= -V DPR/,-,
*•—'

(5)

The optimum sensors are the ones with the largest ADPR values
over the candidate DOF.

WADPR
The WADPR16 value is computed from the following:

WADPR = DPRmin <g> ADPR (6)
where DPRmin is the minimum in absolute value across the rows in
DPR in Eq. (4). The optimum sensors are the ones with the largest
WAMKE values over the candidate DOF.

ECP
ECP15 is the product over all of the target modes. The candidate

DOFs with the largest ECP values are selected. The concept here is
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Table 1 Roots of the Chebyshev polynomials

0
1
2
3
4
5

0
0.71
0.87
0.92
0.95
0.97

-0.71
0

0.38
0.59
0.71

-0.87
-0.38

0
0.26

-0.92
-0.59
-0.26

-0.95
-0.71 -0.97

again to avoid selecting zero motion DOF, which will hamper the
modal identification process.

The roots of the Chebyshev polynomial17 of degree j serve as the
sensor locations and are obtained from

(8)

Table 1 lists the roots from the first six Chebyshev polynomials.
Because the roots vary from -1 to 1, the mapping onto a one-
dimensional region, a < x < b, is given as

The two-dimensional mapping for the region a<x<b and
c < y < d is given in Eq. (9) for x and Eq. (9) for y with a sub-
stitution of a for c and b for d. One simply selects the roots down
the list in Table 1 until the desired number of sensors Ns is reached.

EFI Without Mass Weighting
The EFI method14 eliminates sensors with the smallest contribu-

tion to the linear independence of the effective independence matrix
E. The approach is to eliminate DOFs that do not deteriorate the
determinant of the FIM. Matrix E is computed from

where A is the FIM and is evaluated as

(10)

(ii)
and 3>[m denotes the target modal matrix reduced to the candidate
sensor DOFs. That is, only the candidate DOFs are kept from Otm.
The procedure is as follows. After computing matrix E, the DOF
with the smallest diagonal term of E is eliminated. The appropriate
row in O[mis then removed, Eqs. (10) and (11) are recomputed, and
a new DOF is chosen for elimination. The process repeats until the
Ns desired DOFs remain. The EFI method without mass weighting
is designated EFI W/OM.

EFI with Mass Weighting
Instead of simply removing rows from 3>[m, Garvey et al.19 im-

plement a Guyan reduced mass weighted version of Kammer's EFI
method; hence, it is designated EFI W/M. The mass weighted matrix
E becomes

where A is computed as

(12)

(13)

and MG denotes the Guyan reduced mass matrix at each iteration.
First, the full FE mass and stiffness matrices are Guyan reduced to
the candidate DOF. Then, Eqs. (12) and (13) are computed, and the
DOF with the smallest diagonal term of E is eliminated. That is, the
row corresponding to the eliminated DOF is Guyan reduced from
the previously reduced mass and stiffness matrices. The process
then selects another DOF for elimination. This is repeated until the
desired Ns DOFs remain.

VEFI
Tasker and Liu18 derive an alternate EFI method in which sensors

with the smallest variance are eliminated from ^>r
m. The procedure

begins by computing the variance equation,

(14)

where (-)+ is the pseudoinverse of (•), [•]// is the z/th element of
[•], [-]jt is the nth element of the pseudoinverse of [•], and / is
an appropriately sized identity matrix. The DOF with the smallest
A,-<r2 is selected for elimination, from which the appropriate row in
<J>[ra is removed, and Eq. (14) is again evaluated. The process repeats
until the desired Ns DOFs remain.

SVD
In an analysis similar to the EFI method, Park and Kim21 also

maximize the determinant of the FIM with respect to the retained
DOF. However, they use an SVD to identify DOFs that offer little
contribution to the determinant. First, the target modal matrix is re-
duced to the candidate DOF yielding <br

tm. Then, the SVD is applied,
resulting in

^ = PDQT (15)
The following residual matrix R is computed:

and the row with the smallest R value is selected for elimination.
The appropriate row in 3>[m is then removed, the SVD is recomputed
from Eq. (15), and matrix R is formed in Eq. (16) from which a new
DOF is eliminated. The process repeats until the desired Ns DOFs
remain.

GR
The preceding iterative methods all preserve the determinant of

FIM in an attempt to keep as much information as possible in the
remaining DOFs. Penny et al. ,22> 23 however, adopt a model reduction
viewpoint. That is, they assume that the master DOFs associated
with a model reduction can serve as good sensor locations. This
approach is effective only if the lower modes of the system are
considered in the target modal matrix. To preserve the lower system
modes in a model reduction, DOFs should be eliminated with a high
stiffness and low inertia. Then the ratio of the diagonal elements of
the stiffness and mass matrices quantifies the importance of each
DOF. A lower ratio indicates a DOF with significant inertia effects.
Alternatively, a larger ratio indicates a DOF with significant stiffness
effects. The procedure is as follows. First, the full FE mass and
stiffness is Guyan reduced to the candidate DOF. The stiffness-mass
ratio is then computed as

Ri = KGu/MGu (17)
where KG and MG are Guyan reduced stiffness and mass matrices,
respectively. The DOF with the largest R-t value is selected for elim-
ination. The corresponding row in the previously obtained reduced
matrices is then Guyan reduced out and a new Rj ratio is computed,
from which another DOF is selected. The process repeats until the
desired Ms DOFs remain.

IRS
The GR sensor placement method assumes that the master DOF

can represent a good sensor set. The slave DOFs were selected such
that the ratio of stiffness to mass is large. This ratio was determined
after a static reduction in each iteration. Because the GR can be very
approximate, the final master DOF set can be in error. Using a more
exact model reduction scheme may be advantageous because the
dynamic behavior from each iteration is more likely to be preserved.
The IRS method27 is one such formulation. Therefore, the procedure
for this method is the same as the GR approach except that the IRS
technique is substituted for Guyan.

SAR
The SAR28 is yet another more exact reduction technique that can

be substituted for Guyan in the GR method. In terms of preserving
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the original dynamic behavior, the SAR method does better than
IRS, which does better than Guy an.

SF
The SF approach29 also takes a model reduction viewpoint. That

is, it is based on the premise that the best master DOFs for a test-
analysis model are the ones that contain as much information as
possible on the target mode shapes. The underlying assumption is
that the best master DOFs are such that a linear combination of static
flexibility shapes obtained from a stiffness matrix reduced to those
DOFs matches the FE target mode shapes. The method begins by
applying unit loads at all candidate DOFs and solving

r*Mnm A

L^sm ^

where K is partitioned into its master (m) and slave (s) DOFs and
Im is the m x m identity matrix. The static flexibility matrix ^ is
then written as a linear combination of the target modal matrix

^2 = 3>tm (19)

The matrix Q is then solved (using a pseudoinverse, for example)
and normalized such that the sum of the absolute values for each
column is unity. Then a DOF weighting is calculated by summing
the absolute values across all of the rows. The DOF with the small-
est weight is eliminated. Therefore, the stiffness matrix in Eq. (18)
is repartitioned with the new master DOF and a new matrix Q is
computed, from which the DOF with the smallest weight is again re-
moved. The process is repeated until the desired Ns DOFs is reached.

MPI
The optimum sensors are selected such that it minimizes the con-

dition number of a Hankel matrix of pulse responses. Because the
Hankel matrix is used for modal extraction from time-domain sys-
tem identification methods, it is expected that a well-conditioned
(and full rank) Hankel matrix will recover the target modes. Fur-
thermore, instead of computing an effective independence of the
FIM as in EFI, MPI31 uses an effective independence of the Hankel
matrix itself. Therefore, sensors that contribute little to no infor-
mation in the Hankel matrix are eliminated. The method begins by
constructing a state-space model of the target modes. First, the tar-
get modal matrix is mass normalized such that Q^mM$lm = /. The
continuous state-space model then becomes

- I"= L-
(20)

where Z is an m x m diagonal matrix of specified modal damping
ratios (typically 1%, if unknown), the n x na matrix Bf identifies the
input locations where na is the number of inputs, and the NCS x m
4>tm matrix is the mass normalized target modal matrix reduced to
the candidate DOF, where NCS is the number of candidate (NCS)
DOF. Matrices Ac and Bc are then transformed to discrete time:

B = Bc (21)

where Af is the sampling time. The controllability W and observ-
ability V matrices are then computed:

r = [B AB ••• Am~naBl V =

r c
CA

CAm

(22)

from which the Hankel matrix H can be constructed as

H = VW

Each DOF is then ranked according to its contribution to the rank of
H. The contribution of the jth row of H to the total rank is given by

ehj = (HH+)jj (24)

where superscript + denotes the pseudoinverse and (•)// denotes the
jj th element of (•). The effective independence of the ith sensor to
H is then

es.'/ = ]T ; + (£-l)NCS (25)

At each iteration, a new NCS is computed and, because only one
DOF is eliminated per iteration, it is decreased by one per iteration.
Finally, the DOF with the smallest es value in Eq. (25) is eliminated.
Consequently, new C and V matrices are evaluated from Eqs. (20)
and (22), respectively, from which a new Hankel matrix and es vec-
tor are computed and another DOF selected for elimination. The
process repeats until only the desired Ns DOFs remain.

Gmm-Schmidt (G-S1 and G-S2)
As mentioned earlier, the EFI method generally exhibits several

weaknesses and includes selecting redundant sensor DOFs and no
consideration of time information. The G-S orthogonalization is
proposed to overcome these dilemmas. The basic principle is to
make a Hankel matrix of impulse responses as linearly independent
as possible. In so doing, sensor redundancy is quickly minimized
and time data are now brought into the problem. Furthermore, it
is assumed that a well-conditioned Hankel matrix is expected from
using as linearly independent measurements as possible. Because
this type of data matrix is used for modal parameter identification
(in ERA, for instance), good results are expected. Kammer's EFI14

approach can more aptly be defined as an effective mode shape
independence method, whereas the G-S approach can be called an
effective output independence method.

The procedure begins by generating impulse responses at all can-
didate sensor DOFs for only the m target modes of interest. A modal
damping model is assumed as in MPI (typically 1% damping). The
mean is then removed from all measurements. The Hankel matrix
is then formed as

H =

yi(0)

(26)

where i is the data length. The correlation matrix is then computed:

1 Pi2 • • • PINCS"
1 ' ' ' P2NCS

(27)
sym ' • :

1

where p^ is the 17th correlation coefficient between the /th and ;th
measurements in Eq. (26). The minimally correlated sensor [min
(p)] is next selected as the reference measurement:

NCS
j = l , . . . , NCS (28)

(23)

The modified G-S orthogonalization procedure34 is performed on
Eq. (26), and a new Hankel matrix is formed in which the measure-
ments have been made linearly independent with respect to the first
minimally correlated sensor. Each remaining sensor measurement
is then ranked according to its magnitude. The maximum magni-
tude measurement serves as the next reference measurement, and
the remaining measurements are made linearly independent with
respect to it. The magnitudes are then computed, and the maximum
measurement magnitude is again used as the next reference mea-
surement. The process is repeated until all of the measurements have
been processed, effectively removing the dependency between the
measurements, if any. The final set of sensor locations are then the
ones with the maximum magnitudes. Whereas the method is used
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for impulse responses, forced data could also be used. However,
this was found to yield the same set of locations as when using the
impulse data. The alternative to using the magnitude after each or-
thogonalization as a ranking scheme is to simply take the minimally
correlated sensor at each iteration. The final optimum set of loca-
tions are then the minimally correlated sensors. The former method
is designated as G-S1 whereas the latter is referred to as G-S2.
Only m sensor locations will be independent when using G-S1 be-
cause only m modes are used to compute the impulse responses. If
the number of target modes is less than Ns, then G-S2 can be used
for the remaining candidate DOFs impulse responses to select the
( Ns — m) minimally correlated sensors. This then represents the
G-S1 method.

Principal Component Analysis
The basic premise behind principal component analysis (PCA) is

to eliminate irrelevant information. That is, it is designed to keep
only the most important information in a data sequence. The pro-
posed method is opposite the concept of subspace decomposition.33

The method is based on the following idea. Given a zero mean n x 1
random vector x, the n x n correlation matrix is defined as

R = E{xxT] (29)

where £{•} denotes the expectation operator. Computing an eigen-
analysis on R yields

Rv = Xv (30)

Data reconstruction of x from the eigenvectors and eigenvalues in
Eq. (30) is possible and given as

(31)

where a/ is the zth principal component. From a variance analysis,
the following is known:

(32)

Equation (32) is a key equation. It states that the variance of x is
simply a sum of the eigenvalues and depends more on the higher
eigenvalues. As a consequence, if the smallest eigenvalue A.I is
deleted from the sum, then vector x has not changed statistically
because the variance remains almost the same. Therefore, the first
eigenvector v\ could be ignored when reconstructing x. Further-
more, the smallest component from v\ will inherently contain min-
imal information. The following method is then proposed. Remove
the mean from every reduced target mode shape in $r

m. Define the
target modal correlation matrix as

Rtm = <$>' (& \T (33)

Compute the eigenvector associated with the smallest eigenvalue
and iteratively delete sensor DOFs with the smallest eigenvector
component in absolute value. Then recompute the smallest eigen-
vector and select the DOF with the smallest eigenvector component
in absolute value. The process is repeated until the Ns desired DOFs
remain. It is interesting to note that Eq. (33) is nothing more than
the transpose of the FIM as given in Eq. (11).

Optimum Sensor Criterion
It is desirable to assess the quality of the selected optimum sensor

locations. This is so because it is often likely that multiple sensor
placement methods will be implemented, which undoubtedly will
yield multiple sensor locations. A criterion then needs to exist to
quantify the different locations. Five criteria were investigated by
Penny et al.23 and include the modal assurance criterion, the modi-
fied modal assurance criterion, the SVD ratio, the measured energy
per mode, and the determinant of the FIM. They suggest the SVD
ratio as the best choice. The method computes the ratio of the largest
to smallest singular value from an SVD of the eigenvector (modal)
matrix reduced to the chosen optimum sensor locations. This modal
matrix is obtained from a GR. The best sensor set is the one whose

ratio is closest to unity. Once a number of sensor locations are ob-
tained (from the different sensor placement methods), the SVD ratio
is evaluated. However, an alternate criterion is now discussed from
the model reduction viewpoint.

The exact structural reduction relationship between the master
and slave DOFs can be written as

[xs] = [I - & K~ Mss] [—K~ Ksm + Q K~s Msm]{xm} (34)
where subscripts s and m denote the slave and master DOFs, re-
spectively, and £2 is the structural frequency. The binomial series
expansion for the first term in Eq. (34) must be of the form35

where A = £22K~1MSS. For the expansion in Eq. (35) to be conver-
gent, it is necessary and sufficient that || A || < 1 or || fi2^"1 MSS || < 1
(Refs. 36-38). It can then be shown that the following satisfies this
norm requirement:

ft>2
min > ti1 (36)

where &>2
min is the minimum eigenvalue from the slave DOF system

and ti1 is any eigenvalue from the master DOF system. Equation (3 6)
immediately links the master and slave DOF systems and shows that
the lowest slave eigenvalue must be greater than any master eigen-
value for the series expansion in Eq. (35) to be valid. If we make
the assumption that the master frequency spectrum will be approxi-
mately the same irrespective of the sensor placement method, then it
is sufficient to maximize <^2

min. Therefore, the best set of locations
is the one with the largest &>2

min.

Results
Example 1

The discussed sensor placement methods were implemented for a
comparative study on a uniform cantilevered Euler-Bernoulli beam
model. The beam was modeled as aluminum with material and
geometric properties listed in Table 2. It was discretized into 25
beam 2-DOF/node finite elements (transverse displacement and ro-
tation). The beam had 15 fine mesh elements (with 1/35-m elemental
length) from the wall and 10 coarse elements (with 2/35-m elemental
length). This reflects a typical finite element mesh where some re-
gions will be finer than others. A consistent mass approach was used
to formulate the mass matrix. The first five modes were considered as
the target modes, only transverse displacements were considered as
the candidate DOF, and a total of 10 desired locations were sought.

The results are shown in Fig. 1. The VI method simply selects the
locations with the maximum amplitude from the first five modes.
One thing is clearly obvious from Fig. 1: No two methods produce
exactly the same set of locations. The poorer methods appear to be
PCA, AMKE, and WAMKE, which tended to cluster the sensors
toward one side. Those sensor locations will undoubtedly be poor
choices because the target mode shapes will look similar from those
points. This indicates that the PCA method may be sensitive to the
finite element mesh size as is the case for the kinetic energy meth-
ods. The other methods tended to separate the sensors, which from
an intuitive viewpoint, is more judicious. To quantify each of the lo-
cations, the SVD ratio and the proposed &>2

 minvalue were computed,
which are shown in Table 3. For ease of visualization, these values
were normalized by their maximum and plotted in Fig. 2. Note that
the sensor placement method in the horizontal axis of Fig. 2 refers
to the numbers given in parentheses under Method (no.) in Table 3.
For the frequency criterion, however, the normalized value was sub-
tracted from one. It is noted that the optimum sensor locations are
associated with the smaller normalized values. It is seen that the fre-
quency criterion is somewhat more selective than the SVD ratio in
choosing an optimum sensor location. However, both criteria select
the reduction approaches as the method of choice, i.e., GR, IRS, and
SAR.

Table 2 Material and geometric properties of beam

Property E, Pa p, kg/m3 A,m 2 L,m 7,m4

Value 69xl09 2710 1 .5xlO~ 4 4.5 x 1(T10
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Table 3 Comparison of sensor placement
methods for beam example

Table 4 Frame structure target modes in Z direction

Method (no.) SVD ratio

VI (1)
G-S1 (2)
G-S2 (3)
PCA (4)
GR(5)
IRS (6)
SAR (7)
MPI (8)
ECP (9)
SVD (10)
SF(ll)
CI (12)
EFIW/OM(13)
EFIW/M (14)
VEFI (15)
MKE (16)
AMKE (17)
WAMKE(18)
DPR (19)
ADPR (20)
WADPR (21)

3.36
10.54
7.11
28.68
2.68
2.29
2.55
5.58
3.49
4.09
10.23
4.46
4.09
2.85
4.28
2.79
9.34
11.35
4.28
5.52
8.17

1.61 x 107

3.27 x 106

1.96x 106

6.59 x 103

5.40 x 107

5.30 x 107

6.39 x 107

1.69x 107

1.06xl07

1.59xl07

2.68 x 105

6.86 x 106

1.59 x 107

1.62 x 107

1.56x 107

1.74 x 107

6.12 x 105

1.38 x 106

2.23 x 107

1.17 x 107

3.56 x 106

VI

GS1

GS2

PCA

GR

IRS

SAR

MPI

ECP

SVD

SF

CI
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Fig. 1 Optimum beam sensor locations.

Example 2
This example consisted of an experimental cantilevered frame

structure, as shown in Fig. 3. The test article, shown schematically
in Fig. 4, is 2.5 m in length (from base to tip). The bar elements and
nodes are made of aluminum and manufactured by Mero Structures,
Inc. The first three FE method bending modes-in the Z direction were
taken as the target modes and are given in Table 4. Consequently,
there were only 15 candidate DOFs, i.e., the Z-displacements at
nodes 1-15, from which five sensors were sought.

Mode Frequency, Hz Description
23.43
105.10
208.48

First bending
Second bending
Third bending

0.2

-0.2
sensor placement method

Fig. 2 Plot of sensor criteria vs sensor placement method for beam
example.

Fig. 3 Cantilevered frame structure.

13

3ix
Fig. 4 Frame structure schematic.

An experimental FRF database was available from which the re-
sults of the sensor placement methods could be compared. The FRFs
were obtained from a single input and were applied at node 11 (Z di-
rection) through a stinger, which was attached to an electromagnetic
shaker. The input was random noise, was generated by a Tektronix
2642A Fourier analyzer, and was measured by a force transducer,
which was placed between the node and stinger. The input loca-
tion was fixed throughout all of the tests, whereas the accelerometer
was simply moved from point to point. The sampling frequency
was 512 Hz and 4096 data points were collected from zero initial
conditions.

The frame structure FRFs are shown in Fig. 5. Unfortunately,
no analysis could be made with all of the methods because FRFs
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Table 5 Experimental frequency-damping errors for frame structure

Model Mode 2 Mode 3
Frequency Damping Frequency Damping Frequency Damping

Method error, % error, % error, % error, % error, % error, %
PCA
EFI W/M
ECP
SF
WAMKE
ADPR
WADPR

0.40
0.47
0.49
0.21
0.19
0.61
0.52

26.7
29.9
30.8
23.3
24.9
27.2
29.9

0.37
0.35
0.44
0.48
0.47
0.39
0.43

15.7
20.1
85

26.7
84.4
26.0
77.9

0.03
0.01
0.05
0.03
0.02
0.04
0.04

2.8
14.0
18.8
6.8
8.1
5.5
143

2nd bending

3rd bending

nodal location o o
frequency (Hz)

Fig. 5 Frame structure FRFs.

were available only at nodes 1-12. That is, several of the sensor
placement methods selected nodes 13 and 14 where no FRF data
were available. But seven methods could be investigated, and their
frequency-damping errors are shown in Table 5. All 12 FRFs were
processed by the ERA to obtain baseline measurements, which were
taken to be the exact frequency and damping. A total of 500 data
points of the impulse response after a Fourier inversion and a system
order of 12 were consistently used for each ERA analysis. As can
be seen, the three target frequencies were well recovered, but the
damping was somewhat large. However, the third mode produced
the lowest errors among the three target modes. The important ob-
servation, though, was the overall consistency in the results. That
is, no one method was exceedingly superior to any other over all
of the three target modes. The large discrepancy in damping for the
second mode for ECP, WAMKE, and WADPR is due to noise con-
tamination. Selecting a larger system order provides an avenue for
the noise. Increasing the order to 20 in ERA, the damping errors in
the second mode become 10.2,13.8, and 9.02% for ECP, WAMKE,
and WADPR, respectively, which are relatively in agreement with
the other methods.

Conclusions
Two example structures of varying complexity were investigated

for the optimal sensor locations. Numerous sensor placement meth-
ods, in addition to the two proposed schemes, were implemented,
and the sensor location quality measured using the SVD ratio and a
model reduction frequency criterion. The proposed frequency crite-
rion appeared to be more selective than the SVD ratio in selecting
the optimum sensors. Furthermore, whereas it was shown that the
reduction approach gave good results, most of the methods yielded
reasonable results based on a limited experimental study.
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